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Ahtract. lo this paper. we study the persistent CuIAnt in a normal conductor ring mupled 
to a m o i r  with an ideal lead and investigate the effett of m elemmngnetic potential on 
kee elect" in a normal-conductor onedimensional ring. The elenmstatic potential on the 
ring modulates fhe amplitude, phase and fnquency of the Aharonov-Bohm flux cutrent. We 
discuss the effect of reflection on both sides of the gate electrode on the persistent current in the 
presence of an electromagnetic potential. The oscillation ampliNde of the persistent cuT(wLt and 
the density of s h e s  decrease as the elenmstatic potential inrresses at constant magnetic flux. 

1. Introduction 

Quantum interference phenomena in mesoscopic rings induced by magnetic flux have 
been the subject of recent experimental and theoretical studies, including a number of 
investigations of quantum oscillations in pure one-diiensional rings with one or two ideal 
leads threaded hy magnetic flux [l-31. It was recently pointed out that interference between 
the two paths of the ring may also be produced by applying an electrostatic potential [4.5], 
and electrostatic AhWnOV-BOhm (AB) conductance oscillations have been shown to be 
very different from cases involving magnetostatic AB oscillations. In recent studies, we 
investigate the AB type of conductance oscillations in the presence of both a magnetic flux 
and an electrostatic potential [6] and extend the calculation to evaluate the persistent current 
in the ring [7] and to provide a complete treatment of the electrostatic AB conductance 
oscillations [&IO]. The persistent current subject to magnetic flux has been studied by 
many workers [ll], but the influence of an electrostatic potential on the persistent current 
has not been investigated so far. In this paper, we report theoretical studies of persistent 
current subject to an electromagnetic potential. We extend OUT previous model [7l to include 
the effect of an abrupt potential on both sides of a gate electrode to which an electrostatic 
potential is applied. We calculate the density of states and the persistent current and discuss 
the differences between the two models. This paper is organized as follows. In section 2, 
we develop a method for calculating the persistent current in the ring and derive rigorous 
expressions for the current density and the density of states in the ring. In section 3 ,  we 
calculate the density of states and persistent current in the ring, and investigate the effect 
of reflection. Conclusions are given in section 4. 

2. General formulation of the persistent current 

The model investigated here is shown in figure 1. A onedimensional normal conductor 
ring is penetrated by a magnetic flux, and an electrostatic potential is applkd to half the 
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circumference of the ring. A reservoir is coupled to the ring with an ideal lead. In our 
system, phasecoherent transport is assumed; so the inelastic scattering length is larger than 
the circumference of the ring. The junction between the ring and the lead is described by a 
scattering matrix [1,2] which relates the amplitude of the outgoing waves to the incoming 
waves 

D Tohi and K Ohta 

where 17 is the coupling strength at the junction. When 17 = 0.5, electrons travel almost 
ballistically through the junction. In contrast, they suffer from strong reflection at the 
junction when 17 N 0. Symmetry of the scattering matrix (equation (1)) holds when the 
magnetic flux is very weak. In the limit of weak scattering at the junction, the Hamiltonian 
in the ring is described by 

(3) 

where A = Q/L is the vector potential, V is the electrostatic potential applied to half the 
ring, m is the effective mass of electrons, Q is the magnetic flux and L is the circumference 
of the ring. For simplicity. we assume that the electrostatic potential is abrupt. However, 
even in complete formulation of the electrostatic AB oscillations, we must consider the 
potential difference between the inside and the outside of the gate electrode, especially 
when the electrostatic potential is high. In the upper half of the ring, the relationship 
between the amplitudes of the outgoing and the ingoing waves is described by 

(p - e A / ~ ) ~ / 2 m  
( p  - e A / ~ ) ~ / 2 m  + eV 

(upper half of the ring) 
(lower half of the ring) 

H = (  

where k = d%f/h is the wavenumber of the electrons and -9 = eQ/E is the magnetic 
phase shift. In the lower half of the ring, the relationship between the amplitude of outgoing 
and incoming waves is described by the following three scattering matrices: 

[::I = [:: ;] [ f ]  
[ ; I ] = [ :  :][:I] 

[:I=[: ::][;:I 
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4 = Jz;;; (m - a) L / ( M ) .  

Using equations (4)-(19), we find the following relationship between the amplitudes at the 
entrance and exit points: 

When reflection on both sides of the junction is neglected, equation (20) reduces to the 
following simple relationship: 

[ $'] = [ exp(-ikLg+ iB - i4) (U) 

The relationship in equations (25) and (20) is used in model 1 [7] and model 2. The 
circulating current in the ring is obtained by evaluating 

where f(E) is the Fermi-Dirac distribution function f(E) = (1 + exp[(E - E~)/kTl)-l.  
At T = 0, we integrate over the energy up to the Fermi energy EF = h2(2n -t 1)2/(2mL2), 
where n is integer. The numerical calculations are all done with n = 2. The function 
D ( E ,  0, 4) is the current density divided by the velocity of electrons in the ring and is 
given by 

D w e ,  4) = (IB'I~ - i8i2)/(iaiz). (27) 
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The density of states in the ring is defined by 
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DOS(E, 8.4) = C(l@'Iz + I@l2)/(lal2) (C is a constant) (28) 

where the ratio of the amplitude (a) of the incident waves from the ideal lead to the amplitude 
@') of the outgoing waves from the junction or the amplitude @) of the incoming waves 
of the ring is given by 

@'/a = f i P d P 1 1  + (a - MP4 + PIZ)I /F(E ,  6.4) 

@/a = fip4tP4 + Pi2 + (a - b ) P n l / F ( E ,  8, C) 
(2% 

(30) 

p4 = PIIPU - P12PZl 

F(E, &C) = (bPn - WbP.3 -a&  - S i )  - (a& + pz:)(ap4 - b h ) .  

(31) 

(32) 

The current density, density of states, and persistent current are calculated using equation (1) 
and equations (26H32). Within the ballistietransport limit on both sides of the gate 
electrode, our model reduces to model 1 [71 which calculates the current density, density 
of states and persistent current using equation (1) and equations (25H28). 

Figure 1. Onedimensional ring coupled to a reservoir. Magnetic flux threads the cenue of the 
ring and an elecvoslatic patenIi.4 is applied to half the ring. The model considers the effect of 
reflection at the gate electmde. 

3. Cdcolation of persistent current 

In this section. we calculate the current density and persistent current using model 1 and 
model 2, which were described in section 2. In model 2, the wavenumbers inside and 
outside the gate electrode are given by JZm(E, + e V ) / h  and -pi, respectively at 
the Fermi energy EF. Model 1 assumes that both wavenumbers are the same. The reflection 
coefficient ai the gate electrode is expressed in i e m  of E,s and eV and is given by 

r r  = (m - 1) / (Jm + 1) (33) 

When eV/Ep  << 1, the wavenumber of electrons varies slowly at the boundary of the 
gate electrode. In this case, model 2 reduces to model 1. If eV/Ep  > 1, the effect of 
reEection at the edges of the gate electrode becomes essential. These features are shown 
in figure 2. The amplitude of the current density D versus 6 gradually decreases as the 
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Figure 2. (a) The current density as a function of 9 for model 1 .  The magnetic flux B is used 
as a parameter ( b L  = 571). ( b )  The current density versus 4 for model 2 ( ~ F L  = 5n). 

potential increases (at constant 0) owing to reflection on both sides of the electrode (see 
figure 2(b)). In contrast, the current density oscillates exactly with period 2x as a function 
of Q in model 1 as shown in figure 2(a). 

On the other hand, the current density as a function of magnetic flux (current density 
versus 0 with Q constant) oscillates with period 2n. The oscillation amplitude does not 
decrease irrespective of Q and, as a result, both models are very similar. This is because 
the Fermi energy and electrostatic potential are fixed. 

Next, we shall discuss the properties of persistent current in the ring. The amplitude, 
phase and frequency of the persistent current as a function of magnetic flux (at constant V) 
are greatly modulated by the applied electrostatic potential. The persistent current oscillates 
smoothly as a function of magnetic flux since model 1 assumes ballistic transport in the 
ring (see figure 3(u)). When Q N (n + 4)k, h/2e oscillations appear and the phase of 
the persistent current shifts by k at 8 N (2n f 1)k. In contrast, the persistent current in 
model 2 fluctuates slightly and the phase is slightly shifted from the phase Q calculated 
using model 1 as shown in figure 3(6). This fluctuation and phase shift in persistent current 
becomes more significant as V increases, owing to carrier reflection on both sides of the 
electrode. This tendency becomes stronger as the electrostatic potential rises. Let us now 
investigate the persistent current as a function of electrostatic potential (at constant e). In 
the absence of magnetic flux, or more generally when 8 = nk,  there is no circulating current 
in the ring irrespective of the electrostatic potential. When 0 21 nk, however, the persistent 
current oscillates as a function of Q. The amplitude and phase are modulated by applying 
magnetic flux. The persistent current oscillates periodically without fluctuation as a function 
of electrostatic potential in model 1 irrespective of 0 (figure 4(a)). As expected from the 
current density versus @ relationship (at constant 0) when Q is low, both models are similar. 
As the electrostatic potential increases, the oscillation amplitude gradually decreases and 
fluctuates greatly owing to strong reflection at the edges of the gate electrode in model 2, 
as shown in figure 4(b). 
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Figure 3. ( 0 )  Persistent current as a function of magnetic flux B for model I (V is constant). 
V is used as a parameter. (b)  Penistent e m n t  -us .9 for model 2 ( V  is constant). Vp is the 
Fermi velocity of the ring. 
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Figure 4. (a) Persistent cunent as a function of V for model I (9 is a constant). The magnetic 
flux is used as a parameter. (6 )  Peniscent current versus V for model 2 (0 is mnstaol). 
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4. Conclusion 

We have presented a nearly complete formulation of persistent current in a onedimensional 
ring subject to an electromagnetic potential. We have computed the current density and 
persistent current in the ring as functions of magnetic flux and electrostatic potential. It has 
been demonstrated that the oscillation amplitude, the phase and the frequency of oscillations 
are greatly influenced by the detailed balance of the magnetic flux and electrostatic potential 
and kFL. We have investigated the effect of reflection at the edges of the gate electrode 
and discussed this effect by comparison with our previous model (neglecting reflection at 
the gate electrode). Our present model has shown that the oscillation amplitudes of current 
density and persistent current decrease as the electrostatic potential increases. 
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